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A RELAXED EVALUATION SUBGROUP
TOSHIHIRO YAMAGUCHI
Abstract. Let f : X → Y be a pointed map between connected CW-
complexes. As a generalization of the evaluation subgroup G∗(Y,X; f),
we will define the relaxed evaluation subgroup G∗(Y,X; f) in the homotopy
group pi∗(Y ) of Y , which is identified with Impi∗(e˜v) for the evaluation map
e˜v : map(X, Y ; f) × X → Y given by e˜v(h, x) = h(x). Especially we see by
using Sullivan model in rational homotopy theory for the rationalized map fQ
that G∗(YQ,XQ; fQ) = pi∗(Y )⊗Q if the map f induces an injection of rational
homotopy groups. Also we compare it with more relaxed subgroups by several
rationalized examples.
1. Introduction
Let f : X → Y and g : B → Y be pointed maps of connected CW complexes.
Recall the definition of pairing with axes f and g [O], which is given by the existence
of a map Fg,f : B ×X → Y in the homotopy commutative diagram:
(1) B ×X
Fg,f
##
X
iXoo
f

B g
//
iB
OO
Y,
where iB(b) = (b, ∗) and iX(x) = (∗, x). In particular, when B = Y = X and
f = g = id, X is an H-space of the multiplication Fid,id. In this paper, we consider
whether or not there exist a section s : B → B × X and a map F : B × X → Y
such that the diagram
(2) B ×X
F
##
X
iXoo
f

B g
//
s
OO
Y.
homotopically commutes. Here a section means a map s : B → B × X which
satisfies pB ◦ s ≃ idB for the projection pB : B ×X → B with pB(b, x) = b.
The nth Gottlieb group Gn(X) of a spaceX is the subgroup of the nth homotopy
group πn(X) of X consisting of homotopy classes of maps a : S
n → X such that
the wedge (a|idX) : S
n ∨X → X extends to a map Fa : S
n×X → X [G]. The nth
evaluation subgroup Gn(Y,X ; f) of a map f : X → Y is the subgroup of πn(Y )
represented by maps a : Sn → Y such that (a|f) : Sn ∨X → Y extends to a map
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Fa,f : S
n ×X → Y inducing the homotopy commutative diagram
(3) Sn ×X
Fa,f
##
X
iXoo
f

Sn a
//
iSn
OO
Y
[WK], which is the case of B = Sn in (1). The map Fa,f in (3) is the adjoint of a
map F ′a,f in the homotopy commutative diagram
(3)′ mapf(X,Y )
ev

Sn
F ′a,f
99
a
// Y
where F ′a,f (b)(x) := Fa,f (b, x) for b ∈ S
n and x ∈ X . Here mapf (X,Y ) is the
connected component of f in the mapping space map(X,Y ) from X to Y with the
compact open topology and ev is the evaluation map given by ev(h) = h(∗). Then
Gn(Y,X ; f) = Im (πn(ev) : πn(mapf (X,Y ))→ πn(Y ))
in πn(Y ) and therefore it is called an ‘evaluation’ subgroup of a map. Notice that
(3) is a special case of the homotopy commutative diagram
(4) Sn ×X
F
##
X
iXoo
f

Sn a
//
s
OO
Y,
in which η : X
iX→ Sn×X
pSn→ Sn is a trivial fibration with a section s : Sn → Sn×X .
Here we can put s(b) = (b, τ(b)) for a map τ : Sn → X .
Definition A. For a map f : X → Y , the nth relaxed evaluation subgroup of f is
given as
Gn(Y,X ; f) := {a ∈ πn(Y ) | there are a section s : S
n → Sn ×X
and a map F : Sn ×X → Y such that F ◦ s ≃ a, f ≃ F ◦ iX}.
The map F in (4) is the adjoint of a map F˜ ′ in the homotopy commutative
diagram
(4)′ mapf (X,Y )×X
e˜v

Sn
F˜ ′
77
a
// Y
where F˜ ′(b) := (F ′(b), τ(b)) with F ′(b)(x) = F (b, x) and s(b) = (b, τ(b)) for b ∈ Sn
and x ∈ X . Here e˜v : map(X,Y ; f) × X → Y is the evaluation map given by
e˜v(h, x) = h(x). Thus
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Claim. Gn(Y,X ; f) = Im(πn(e˜v) : πn(mapf (X,Y )×X)→ πn(Y )).
In this paper, we will estimate Imπn(e˜v) in several cases according to Definition
A. We note that it is a naturally generalized object of an ordinary evaluation
subgroup. Indeed, for a subcomplex X ′ of X , we can put
Gn(Y,X ; f)(X
′) := {a ∈ πn(Y ) | there are a section s : S
n → Sn ×X ′
and a map F : Sn ×X → Y such that F ◦ s ≃ a, f ≃ F ◦ iX}.
Then we have
Gn(Y,X ; f) ⊃ Gn(Y,X ; f)(X
′) ⊃ Gn(Y,X ; f)(∗) = Gn(Y,X ; f)
and Gn(Y,X ; f)(X
′) = Im(πn(e˜v) : πn(mapf (X,Y )×X
′)→ πn(Y )). In the follow-
ing, we see several properties of a relaxed evaluation subgroup.
Lemma 1.1. For a subspace X of a space Y and a map g : B → Y with Im g ⊂ X,
there are a section s : B → B×X and a map F : B×X → X such that the diagram
B ×X
F
##
X
iXoo
∩

B g
//
s
OO
Y
commutes.
Indeed, put s(b) = (b, g(b)) and F ((b, x)) = x for (b, x) ∈ B ×X .
In particular, in the case of B = Sn and X = Y m, the m-skelton of Y , we have
by cellular approximation theorem
Proposition 1.2. For n ≤ m, Gn(Y, Y
m; iYm) = πn(Y ) for iYm : Y
m ⊂ Y . In
particular, G∗(Y, Y ; idY ) = π∗(Y ).
Of course Gn(Y, ∗; ∗) = Gn(Y, ∗; ∗) = πn(Y ) for the constant map ∗ : ∗ → Y
and we know Gn(Y ) = Gn(Y, Y ; idY ) ⊂ Gn(Y,X ; f) for any map f : X → Y . In
contrast, Gn(Y,X ; f) ⊂ Gn(Y, Y ; idY ) from Proposition 1.2. Note that G∗(Y,X ; f)
may be zero for a map f : X → Y even if π∗(Y ) 6= 0 (see Example 2.6 and examples
in Section 3).
Also as an evaluation subgroup satisfies it, a relaxed evaluation subgroup satisfies
πn(g)(Gn(Y,X ; f)) ⊂ Gn(Y
′, X ; g ◦ f)
for a pointed map g : Y → Y ′. Thus there is a map πn(f) : πn(X) =
Gn(X,X ; idX) → Gn(Y,X ; f). Therefore the relaxed eveluation subgroups
Gn(X,Z; j) and Gn(Y,X ; f) are embedded into parts of the homotopy exact se-
quence of a fibration ξ : Z
j
→ X
f
→ Y , respectively.
Corollary 1.3. For a fibration ξ : Z
j
→ X
f
→ Y and any n, there are the sequences
πn+1(Y )
∂n+1
→ πn(Z)
pin(j)
→ Gn(X,Z; j)
pin(f)
→ πn(Y )
and
πn(Z)
pin(j)
→ πn(X)
pin(f)
→ Gn(Y,X ; f)
∂n→ πn−1(Z)
which are both exact. Moreover, for the connecting map ∂˜ : ΩY → Z of ξ,
πn+1(X)
pin+1(f)
→ πn+1(Y )
∂n+1
→ Gn(Z,ΩY ; ∂˜)
pin(j)
→ πn(X)
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is exact.
Note that, for a pointed map g : X ′ → X , there is an inclusion Gn(Y,X ; f) ⊂
Gn(Y,X
′; f ◦ g). But it does not hold for relaxed evaluation subgroups in general.
Lemma 1.4. For a map g : B → Y and a map f : X → Y such that f∗ : [B,X ]→
[B, Y ] is surjective, there are a section s : B → B ×X and a map F : B ×X → X
such that the diagram
B ×X
F
##
X
iXoo
f

B g
//
s
OO
Y
homotopically commutes.
Indeed, there is a lift g˜ : B → X such that f ◦ g˜ ≃ g from the assumption. Then
put s(b) = (b, g˜(b)) and F ((b, x)) = f(x) for (b, x) ∈ B ×X .
In particular, in the case of B = Sn, we have
Proposition 1.5. If a map f : X → Y induces a surjection πn(f) : πn(X) →
πn(Y ), then Gn(Y,X ; f) = πn(Y ).
For example, G∗(Y,X ; f) = π∗(Y ) if a map f has a section. In contrast,
G∗(Y,X ; f) = G∗(Y ) if f has a section.
Suppose that fQ : XQ → YQ is a rationalized map with X and Y simply con-
nected CW complexes of finite type [HMR]. We consider the relaxed evaluation
subgroup of a map and more relaxed subgroups from a point of view of rational
homotopy. By using Sullivan’s minimal model arguments, we show
Theorem 1.6. If a map f : X → Y induces an injection π∗(f)⊗Q : π∗(X)⊗Q→
π∗(Y )⊗Q on rational homotopy groups, then G∗(YQ, XQ; fQ) = π∗(Y )⊗Q.
From Proposition 1.5 and Theorem 1.6, we have
Corollary 1.7. If the homotopy fiber of a map f : X → Y has the ratio-
nal homotopy type of the Eilenberg-MacLane space K(Q, n) for some n, then
G∗(YQ, XQ; fQ) = π∗(Y )⊗Q.
In Section 2, we prove Theorem 1.6 after preparing of the notion of derivations
of model. In Section 3, we will define more relaxed subgroups of the homotopy
group of Y , the tncz subgroup T∗(Y,X ; f) and the sectional subgroup S∗(Y,X ; f),
for a map f : X → Y . They are defined by relaxing the trivial fibration η in (4).
We compare G∗(Y,X ; f) with them by several rationalized examples.
2. Sullivan models
We use the Sullivan minimal model M(Y ) of a simply connected CW complex
Y of finite type. It is a free Q-commutative differential graded algebra (DGA)
(ΛW,dY ) with a Q-graded vector space W =
⊕
i≥2W
i where dimW i < ∞ and a
decomposable differential. Here Λ+W is the ideal of ΛW generated by elements of
positive degree. Denote the degree of a homogeneous element x of a graded algebra
as |x|. Then xy = (−1)|x||y|yx and d(xy) = d(x)y + (−1)|x|xd(y). Recall M(Y )
determines the rational homotopy type of Y . Especially there is an isomorphism
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W i ∼= Hom(πi(Y ),Q). We denote the dual element of a ∈ πi(Y ) ⊗ Q as a
∗. Put
M(Y ) = (ΛW,dY ). Then the model of a map f : X→Y is given by a KS-extension
(ΛW,dY )
i
→ (ΛW ⊗ ΛV,D)
q
→ (ΛV,D)
with D|ΛW = dY and the minimal model (ΛV,D) of the homotopy fiber of f or
(H∗(Y ;Q), 0)
i
→ (ΛW ⊗ ΛV,D)
q
→ (ΛV,D)
when Y is formal (for example, when Y is a sphere) [FHT]. In general, D is not
decomposable and it is decomposable if and only if π∗(f) ⊗ Q : π∗(X) ⊗ Q →
π∗(Y ) ⊗ Q is a surjection. See [FHT] for a general introduction and the standard
notations.
Let A be a DGA A = (A∗, dA) with A
∗ = ⊕i≥0A
i, A0 = Q, A1 = 0 and the
augmentation ǫ : A → Q. Define DeriA the vector space of self-derivations of A
decreasing the degree by i > 0, where θ(xy) = θ(x)y+(−1)i|x|xθ(y) for θ ∈ DeriA.
We denote ⊕i>0DeriA by DerA. The boundary operator δ : Der∗A → Der∗−1A
is defined by δ(σ) = dA ◦ σ − (−1)
|σ|σ ◦ dA. For a DGA-map φ : A → B,
define a φ-derivation of degree n to be a linear map θ : A∗ → B∗−n with
θ(xy) = θ(x)φ(y) + (−1)n|x|φ(x)θ(y) and Der(A,B;φ) the vector space of φ-
derivations. The boundary operator δφ : Der∗(A,B;φ) → Der∗−1(A,B;φ) is
defined by δφ(σ) = dB ◦ σ − (−1)
|σ|σ ◦ dA. Note Der∗(A,A; idA) = Der∗(A).
For φ : A → B, the composition with ǫ′ : B → Q induces a chain map
ǫ′∗ : Dern(A,B;φ) → Dern(A,Q; ǫ). For a minimal model A = (ΛZ, dA), de-
fine Gn(A,B;φ) := Im(H(ǫ
′
∗) : Hn(Der(A,B;φ)) → Homn(Z,Q)). Especially
G∗(A,A; idA) = G∗(A). Note that z
∗ ∈ Hom(Z,Q) (z∗ is the dual of the basis ele-
ment z) is in Gn(A,B;φ) if and only if z
∗ extends to a derivation θ ∈ Der(A,B;φ)
with δφ(θ) = 0.
Theorem 2.1. ([FH],[LS]) Gn(YQ, XQ; fQ) ∼= Gn(M(Y ),M(X);M(f)) =
Gn((ΛW,dY ), (ΛW ⊗ ΛV,D)).
Thus Gn(YQ, XQ; fQ) is completely determined by the derivations only. For a
DGA-map φ : (ΛV, d) → (ΛZ, d′), the symbol (v, h) ∈ Der(ΛV,ΛZ;φ) means the
φ-derivation sending an element v ∈ V to h ∈ ΛZ and the other to zero. Especially
(v, 1) = v∗.
Example 2.2. Consider the fibration S3 → X
f
→ Y = S2×S2 whose KS-extension
is given by
(Λ(w1, w2, w3, w4), dY )→ (Λ(w1, w2, w3, w4, v), D)→ (Λ(v), 0),
where |w1| = |w2| = 2, |w3| = |w4| = |v| = 3, dY w1 = dY w2 = 0, dY w3 = w
2
1 ,
dY w4 = w
2
2 and Dv = w1w2. Since D is decomposable, π∗(f) ⊗ Q : π∗(X) ⊗ Q →
π∗(Y )⊗Q is surjective. So we have G2(YQ, XQ; fQ) = π2(Y )⊗Q from Proposition
1.5. On the other hand, from Theorem 2.1, G2(YQ, XQ; fQ) = 0 since
δf ((wi, 1)) = 2(wi+2, wi) 6∈ δf (Der(ΛW,ΛW ⊗ Λ
+v))
for i = 1, 2 and W = Q(w1, w2, w3, w4). Note that fQ has no section ([T]).
Proof of Theorem 1.6. Fix an element a ∈ πn(Y )⊗Q. From the assumption, there
is a DGA-projection pW,V : (ΛW,dY ) → (ΛV, dY ) as the model of f . A model of
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the (non homotopy commutative) diagram
E
p

XQ
ioo
fQ

SnQ a
// YQ
is given by
(Λx/x2 ⊗ ΛV,D′)
q // (ΛV, dY )
(Λx/x2, 0)
∪
OO
(ΛW,dY )
pW,V
OO
M(a)
oo
where |x| = n, iV,W : V ⊂W and pW,V (ΛW ) = ΛW = ΛV with pW,V ◦ iV,W = idV .
Here Λx/x2 = Λx if n is odd and Λx/x2 = Q[x]/(x2) if n is even.
We will construct a rationally trivial fibration of the form η : XQ → E → S
n
Q
together with a suitable map F : E → YQ, in model terms. Define a graded
Q-algebra map F ′ : ΛW → Λx/x2 ⊗ ΛV by
F ′(w) = w + (−1)n|w|σ(w)x
where σ ∈ Dern(ΛW,ΛV ; pW,V ) with (−1)
n|u|σ(u)x = M(a)(u) for u ∈ W . Also
define the differential D′ by D′(x) = 0 and
D′|ΛV = dY − δdY (σ) · x,
where σ ∈ Dern(ΛV ) is uniquely given by σ(w) = σ(w) for w ∈ ΛW and (θ·x)(z) :=
(−1)n|z|θ(z)x for a derivation θ. Then D′ ◦D′ = 0 from δdY ◦ δdY = 0 and F
′ is a
DGA-map by
F ′dY (w) = dY (w) + (−1)
n(|w|+1)σ(dY w)x
= dY (w) − (−1)
n|w|δdY (σ)(w)x+ (−1)
n|w|dY σ(w)x
= D′(w + (−1)n|w|σ(w)x) = D′F ′(w)
for w ∈ ΛW . Thus we have the KS-model of η
(Λx/x2, 0)
i
→ (Λx/x2 ⊗ ΛV,D′)
q
→ (ΛV, dY )
and a map
F ′ : (ΛW,dY )→ (Λx/x
2 ⊗ ΛV,D′).
Since δdY (σ) ∈ Der(ΛV,Λ
+V ), the fibration η has a section s ([T]). Moreover the
definition of D′ indicates the rational triviality of η:
(Λx/x2 ⊗ ΛV,D′) ∼= (Λx/x2, 0)⊗ (ΛV, dY )
over (Λx/x2, 0) since then the homotopy class of the classifying map Sn →
Baut1XQ, [δdY (σ)], is zero in πn(Baut1X) ⊗ Q = Hn−1(DerM(X)) [S]. We
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can choose the model of s by M(s)(x) = x and M(s)(z) = 0 for z ∈ ΛV , then
M(s) ◦ F ′ = M(a). Thus there is a DGA-commutative diagram
(Λx/x2 ⊗ ΛV,D′)
q //
M(s)

(ΛV, dY )
(Λx/x2, 0) (ΛW,dY ).
pW,V
OO
M(a)
oo
F ′
hh
It is the rational model of (4). 
Proof of Corollary 1.7. Put the model of homotopy fiber (Λv, 0). When Dv
is decomposable, we have from Proposition 1.5. Also when Dv is not decom-
posable, there is a surjection M(Y ) = (ΛW,dY ) → M(X) = (ΛV, dX) with
dimV = dimW − 1. Then we have from Theorem 1.6. 
Remark 1. In the proof of above, the fibration η : XQ
i
→ E
p
→ SnQ is trivial, that
is, there is a homotopy commutative diagram
E
p

XQ
ioo
iXQ

SnQ S
n
Q ×XQ
g
cc
pSn
Q
oo
where g is a homotopy equivalence. The model M(g) is given by id−σ ·x, which is
a quasi-isomorphism. But the map g does not induce the homotopy commutative
diagram with a section s of p
E XQ
ioo
iXQ

SnQ
iSn
Q
//
s
OO
SnQ ×XQ
g
cc
in general. Therefore, even if π∗(f)⊗Q is surjective or injective, we can not induce
G∗(YQ, XQ; fQ) = π∗(Y )⊗Q in general. For example, see Example 2.2 or Example
2.5, respectively.
In the followings, we consider some examples, whose models are given by
M(s)(x) = x and M(s)(z) = 0 for z ∈ M(X) as in the proof of Theorem 1.6.
The index of an element means the degree.
Example 2.3. For n > 0, Gn(S
n
Q, S
n
Q; idSnQ ) = πn(S
n)⊗Q is given by the following
commutative diagrams with |x| = n.
(n : odd) (Λx/x2 ⊗ Λwn, 0)
q //
M(s)

(Λwn, 0)
(Λx/x2, 0) (Λwn, 0)
=
OO
M(a)
oo
F
hh
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where M(s)(x) = x, M(s)(wn) = 0 and F (wn) = wn + cx for M(a)(wn) = cx with
c ∈ Q.
(n : even) (Λx/x2 ⊗ Λ(wn, w2n−1), D
′)
q //
M(s)

(Λ(wn, w2n−1), dY )
(Λx/x2, 0) (Λ(wn, w2n−1), dY )
=
OO
M(a)
oo
F
jj
where dY wn = 0, dY w2n−1 = w
2
n, D
′wn = 0, D
′w2n−1 = w
2
n + 2cwnx, F (wn) =
wn + cx and F (w2n−1) = w2n−1.
Example 2.4. For the Hopf fibration S3 → S7
f
→ S4, we know G4(S
4
Q, S
7
Q; fQ) =
π4(S
4)⊗Q [LS2]. Indeed, the KS-extension is given by
(Λ(w4, w7), dY )→ (Λ(w4, w7, v3), D)→ (Λ(v3), 0)
with dY w4 = 0, dY w7 = w
2
4 and Dv3 = w4. Then, from Theorem
2.1, G4(S
4
Q, S
7
Q; fQ) = G4((Λ(w4, w7), dY ), (Λ(w4, w7, v3), D)) = Q(w
∗
4) since
δf ((w4, 1)− 2(w7, v3)) = 0. Thus we have
G4(S
4
Q, S
7
Q; fQ) = G4(S
4
Q, S
7
Q; fQ) = π4(S
4)⊗Q ∼= Q.
Also for the product fibration S3 → X = S7 × S4
f×id
→ S4 × S4 = Y with
the trivial fibration ∗ → S4 → S4, we have G4(YQ, XQ; (f × id)Q) ∼= Q and
G4(YQ, XQ; (f × id)Q) = π4(Y )⊗Q ∼= Q⊕Q.
Example 2.5. Suppose that the model of a map f : X → Y is given by the
projection
pW,V :M(Y ) = (Λ(w3, w5, w7, w9), dY )→ (Λ(w3, w7, w9), dY ) =M(X)
where pW,V (w5) = w5 = 0, dY w3 = dY w5 = 0, dY w7 = w3w5, dY w9 = w3w7
and dY w3 = dY w7 = 0 and dY w9 = w3w7. Then we have G3(YQ, XQ; fQ) =
G7(YQ, XQ; fQ) = 0 by the direct calculations of derivations. But we have
G∗(YQ, XQ; fQ) = π∗(Y )⊗Q from Theorem 1.6.
Example 2.6. When f : S3 × S3 → S6 is the map collapsing S3 ∨ S3, then we
show
G6(S
6, S3 × S3; f) = 0.
By degree arguments, any fibration η : S3 × S3
i
→ E
p
→ S6 is rationally trivial,
especially D = 0 in the KS-extension
(Q[w6]/(w
2
6), 0)→ (Q[w6]/(w
2
6)⊗ Λ(u3, v3), D)→ (Λ(u3, v3), 0),
where H∗(S6;Q) = Q[w6]/(w
2
6) and M(S
3 × S3) = (Λ(u3, v3), 0). In particular
EQ ≃ (S
6 × S3 × S3)Q.
For a 6= 0 ∈ π6(S
6), suppose that there exists a map F : E → S6 in
E
F
##
S3 × S3
ioo
f

S6 a
//
s
OO
S6,
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Then
M(Ff,g)(w6) = cx+ u3v3
for some non-zero c ∈ Q associated to a. Then w26 = 0 in H
12(S6;Q) but
[M(Ff,g)(w6)]
2 = [2cxu3v3] 6= 0
in H12(E;Q) = H12(S6 × S3 × S3;Q). It is a contradiction.
3. The other subgroups
Futher we will relax Definition A. For pointed maps f : X → Y and g : B → Y ,
consider whether or not there exists the homotopy commutative diagram
(5) E
F
  
X
ioo
f

B g
//
s
OO
Y
in which η : X
i
→ E
p
→ B is a fibration with the section s.
Recall that a fibration Z
i
→ X
p
→ Y is said to be tncz (totally non-cohomologous
to zero) if H∗(X) ∼= H∗(Z)⊗H∗(Y ) as H∗(Y )-modules by p∗ : H∗(Y )→ H∗(X).
Definition B. For a map f : X → Y , the nth tncz subgroup of f is given as
Tn(Y,X ; f) := {a ∈ πn(Y ) | there are a tncz fibration η : X
i
→ E
p
→ Sn with
a section s and a map F : E → Y such that F ◦ s ≃ a, f ≃ F ◦ i}.
Definition C. For a map f : X → Y , the nth sectional subgroup of f is given as
Sn(Y,X ; f) := {a ∈ πn(Y ) | there are a fibration η : X
i
→ E
p
→ Sn with
a section s and a map F : E → Y such that F ◦ s ≃ a, f ≃ F ◦ i}.
Remark 2. Note that Sn(Y,X ; f) is a group. For a, b ∈ Sn(Y,X ; f), there is a
homotopy commutative diagram
Ea+b
pull-back
h //

Ea ∪X Eb

G
$$
X
ioo
f

Sn q
// Sn ∨ Sn
(a|b)
// Y,
where q is the pinching comultiplication and the dotted arrow G is given by the
universality of push-out from Fa,f : Ea → Y and Fb,f : Eb → Y . A section
s : Sn → Ea+b is given by s(x) := (x, s
′q(x)) for a section s′ : Sn ∨Sn → Ea ∪X Eb
with G ◦ s′ ≃ (a|b). Also ia+b : X → Ea+b is given by the universality of pull-back
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from i : X → Ea ∪X Eb and ∗ : X → S
n. Thus we have a homotopy commutative
diagram
Ea+b
G◦h
""
X
ia+boo
f

Sn
a+b
//
s
OO
Y.
That is a + b := (a|b) ◦ q ∈ Sn(Y,X ; f). When ηa : X → Ea → S
n and
ηb : X → Eb → S
n are trivial (tncz), the fibration X → Ea+b → S
n is trivial
(tncz). Thus Gn(Y,X ; f) (Tn(Y,X ; f)) is a group too.
We have the sequence of inclusions of groups:
Gn(f) ⊂ Gn(f) ⊂ Tn(f) ⊂ Sn(f) ⊂ πn(Y )
for a map f : X → Y .
We consider them under some conditions on XQ for a map f : X → Y . For
the KS-extension of the fibration η : X → E → Sn in (5), we see D′ − dX = 0 if
π≥n(X)⊗Q = 0. Thus
Proposition 3.1. If π≥n(X)⊗Q = 0, Sn(YQ, XQ; fQ) = Gn(YQ, XQ; fQ).
For example, G6(fQ) = G6(fQ) = T6(fQ) = S6(fQ) = 0 for the map f in Example
2.6. We know that a fibrationX → E → B is homotopically trivial if the classifying
map B → Baut1X is homotopic to the constant map. Therefore we have
Proposition 3.2. If πn(Baut1X)⊗Q = 0, Gn(YQ, XQ; fQ) = Sn(YQ, XQ; fQ).
In Example 3.4 and Example 3.5 below, πn(Baut1X)⊗Q = Hn−1(DerM(X)) 6=
0. But it is known that any fibration with fiber CPm, the m dimensional complex
projective space, is rationally tncz. In general, we note
Lemma 3.3. For n > 1, any fibration with fiber X over Sn is rationally tncz if
and only if the map ρ : Hn−1(DerM(X)) → Dern−1H
∗(X ;Q) with ρ([σ])([w]) =
[σ(w)] is zero. Here Dern−1H
∗(X ;Q) means the derivations of the graded algebra
H∗(X ;Q) decreasing the degree by n− 1 ([FOT, 9.7.2]).
Proof. The KS-extension of a fibration X → E → Sn is given by the differential
Dv = dv + σ(v)x for some [σ] ∈ Hn−1(DerM(X)) with the differential d of M(X)
and v ∈M(X). Then an element [w] of H∗(X ;Q) is extend to an element [w+w′x]
of H∗(E;Q) if and only if dw′ = σ(w). 
Example 3.4. For the associated fibration S2 → CP 3
f
→ S4 of the Hopf fibration
S3 → S7
f
→ S4, the KS-model is given by
(Λ(w4, w7), dY )→ (Λ(w4, w7, v2, v3), D)→ (Λ(v2, v3), d)
where dY w4 = 0, dY w7 = w
2
4 , Dv2 = dv2 = 0, dv3 = v
2
2 and Dv3 = v
2
2 − w4. Also
M(CP 3) ∼= (Λ(v2, w7), dX) with dXv2 = 0, dXw7 = v
4
2 and then M(f)(w4) = v
2
2 ,
M(f)(w7) = w7. Then we have
T4(S
4
Q,CP
3
Q; fQ) = π4(S
4)⊗Q = Q.
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Indeed, for a ∈ π4(S
4)⊗Q with M(a)(w4) = cx (c ∈ Q) and M(a)(w7) = 0, put
D′v2 = 0, D
′w7 = v
4
2 + 2cv
2
2x
and F (w4) = v
2
2 + cx, F (w7) = w7
in
(Λx/x2 ⊗ Λ(v2, w7), D
′) //

(Λ(v2, w7), dX)
(Λx/x2, 0) (Λ(w4, w7), dY ).
M(f)
OO
M(a)
oo
F
ii
Thus a ∈ T4(S
4
Q,CP
3
Q; fQ). On the other hand, G4(S
4
Q,CP
3
Q; fQ) = 0 since (Λx/x
2⊗
Λ(v2, w7), D
′) can not be isomorphic to (Λx/x2, 0)⊗(Λ(v2, w7), dX) over (Λx/x
2, 0)
for any D′.
Example 3.5. For the map f : CP 2 → S4 collapsing the 2-cell, M(f) : M(S4) =
(Λ(w4, w7), dY ) → (Λ(v2, v5), dX) = M(CP
2) is given by M(f)(w4) = v
2
2 and
M(f)(w7) = v2v5. Then we have
T4(S
4
Q,CP
2
Q; fQ) = π4(S
4)⊗Q = Q.
Indeed, for a ∈ π4(S
4)⊗Q with M(a)(w4) = cx (c ∈ Q) and M(a)(w7) = 0, put
D′(v2) = 0, D
′(v5) = v
3
2 + 2cv2x
and F (w4) = v
2
2 + cx, F (w7) = v2v5
in
(Λx/x2 ⊗ Λ(v2, v5), D
′) //

(Λ(v2, v5), dX)
(Λx/x2, 0) (Λ(w4, w7), dY ).
M(f)
OO
M(a)
oo
F
ii
Thus a ∈ T4(S
4
Q,CP
2
Q; fQ). On the other hand, we have G4(S
4
Q,CP
2
Q; fQ) = 0 since
(Λx/x2 ⊗ Λ(v2, v5), D
′) can not be isomorphic to (Λx/x2, 0)⊗ (Λ(v2, v5), dX) over
(Λx/x2, 0) for any D′.
Example 3.6. Put ξ : ΩX
i
→ LX
p
→ X the fibration of free loops, in which ΩX is
the loop space and LX = map(S1, X) is the free loop space of a simply connected
space X . It has the section s : X → LX with s(z) the constant loop at a point z in
X . Consider the case that X = S2. Then S2(LS
2,ΩS2; i) ∋ s since we can choose
F = idLS2 as
LS2
=
##
ΩS2
ioo
i

S2 s
//
s
OO
LS2.
Thus we have S2(LS
2,ΩS2; i) 6= 0. Especially, we see S2(LS
2
Q,ΩS
2
Q; iQ) 6= 0 since s
is the torsion free generator of π2(LS
2).
But T2(LS
2
Q,ΩS
2
Q; iQ) = 0. Indeed, the KS-model of ξ is given by
(Λ(x, y), dY )→ (Λ(x, y, x, y), D)→ (Λ(x, y), 0)
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where M(S2) = (Λ(x, y), dY ) with @|x| = 2, |y| = 3, dY x = 0, dY y = x
2, |x| = 1,
|y| = 2, D(x) = 0, and D(y) = 2xx [VS]. For the KS-model of a fibration η :
ΩS2
i
→ E
p
→ S2 with a section is given as
(Λ(x, y), dY )→ (Λ(x, y, x, y), D
′)→ (Λ(x, y), 0)
where D′(x) = 0 and D′(y) = cxx for some c ∈ Q by the degree arguments. If
c = 0, there does not exist a map F : (Λ(x, y, x, y), D) → (Λ(x, y, x, y), D′) =
(Λ(x, y, x, y), dY ) that we want. If c 6= 0, it is not rationally tncz since
H∗(ΩS2;Q) = Λ(x, y) and
H∗(E;Q) ∼= Q[x, {ui}i>0]⊗ Λ(x)/(x
2, xx, {xui}, {xui}, {uiuj}),
where ui = [xy
i].
Example 3.7. Put ξ : S1
j
→ K
f
→ S1 the fiber bundle with total space a Klein
bottle K. Then G1(K,S
1, j) = G1(K,S
1, j) = T1(K,S
1, j) = Z and S1(K,S
1, j) =
π1(K).
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